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Abstract 

This article exhibits conditions under which a certain parabolic group 
cohomology space over a finite field F is a faithful module for the Hecke 
algebra of cuspidal Katz modular forms over an algebraic closure of F. 
These results can e.g. be applied to compute cuspidal Katz modular forms 
of weight one with methods of linear algebra over F. 
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1 Introduction 

The space Sk(Ti(N), C) of holomorphic modular cusp forms of weight k > 2 
for the group T\{N) for some integer N > 1 is related to the parabolic group 
cohomology of T\{N) by the so-called Eichler-Shimura isomorphism (see e.g. 
0, Theorem 12.2.2) 

(i.i) s fc (r!(jv),c) © s fc (r!(jv),c) s ^ ar (r 1 (iv),c[x,y] fe _ 2 ), 

where C[X, Y]k-2 denotes the C- vector space of homogeneous polynomials of 
degree fc — 2 in two variables with the standard SL 2 (Z)-action. For the definition 
of the parabolic group cohomology see Section[2| On the modular forms, as well 
as on the group cohomology one disposes of natural Hecke operators, which are 
compatible with the Eichler-Shimura isomorphism. An immediate observation 
is that Hp ar (ri(N),C[X,Y]k-2) is a free module of rank 2 for the complex 
Hecke algebra Tc generated by the Hecke operators in the endomorphism ring 
of Sk(Ti(N),C)- This implies, in particular, that H^T^N), C[X, Y] fe _ 2 ) is a 
faithful Tc-module. 

In general there is no analogue of the Eichler-Shimura isomorphism over 
finite fields. However, in the present article we show that the above observation 
generalises to cuspidal Katz modular forms over finite fields in certain cases. 

Let now Tp denote the F p -Hecke algebra generated by the Hecke operators 
inside the endomorphism ring of the cuspidal Katz modular forms Sk(Ti(N), F p ) 
of weight fc > 2 for Ti(N) over the field F p . In view of the observations from 
the Eichler-Shimura isomorphism two questions arise naturally. 



(a) Is i^ ar (ri(7V),F p [X,y] fc _ 2 ) a faithful T Fp -module? 

(b) Is i^ ar (Ti(A0,Fp[X,y] fe _2) free of rank 2 as a T Fp -module? 

A positive answer to Question (b) clearly implies a positive answer to (a). 

Using p-adic Hodge theory (in particular the article JOj), Edixhoven shows in 
Theorem 5.2 of [H] that Question (a) has a positive answer in the weight range 
2 < k < p — 1. Emerton, Pollack and Weston were able to deduce from the 
fundamental work by Wiles on Fermat's last theorem that Question (b) is true 
locally at primes of the Hecke algebra which are p-ordinary and p-distinguished 
(see |2], Proposition 3.3.1) for Z p -coefncients and the full cohomology (i.e. not 
the parabolic subspace), from which the result follows for F p -coefficients and 
the full cohomology. We should mention that a positive answer to Question (a) 
with Zp-coefficients does not imply a positive answer over F p . 

The main result of the present article is to answer Question (a) positively 
locally at p-ordinary primes of Tf in the weight range 2 < k < p + 1 (see 
Corollary 16.911 . A similar result for cuspidal modular forms for Ti(N) with a 
Dirichlet character follows under certain rather weak assumptions (see Theo- 
rem These results are obtained using techniques that were inspired by the 
special case p = 2 of |HJ, Theorem 5.2. 

Let us point out the following consequence, which presented the initial mo- 
tivation for this study. If the answer to Question (a) is yes, we may com- 
pute Tf p via the Hecke operators on the finite dimensional F p -vector space 
i/p al .(ri(iV), F p [X, y]fe-2). This can be done explicitly on a computer and only 
requires linear algebra methods. The knowledge of the Hecke algebra is very 
interesting. One can, for example, try to verify whether it is a Gorenstein 
ring. This property is often implied when the Hecke algebra is isomorphic to a 
deformation ring (as e.g. in [2*3]). 

Techniques from jH], Section 4, show how cuspidal Katz modular forms of 
weight one over F p can be related to weight p. We observe in Proposition 18.41 
that the corresponding local factors of the Hecke algebra in weight p are p- 
ordinary. Hence, a consequence of our result is that methods from F p -linear 
algebra can be used for the computation of weight one Katz cusp forms (see 
Theorem 18. 5J1 . The author carried out some such calculations and reported on 
them in 0]. 

It should be mentioned that if one is not interested in the Hecke alge- 
bra structure, but only in the systems of eigenvalues of Hecke eigenforms in 
S k {Y 1 {N),%), one can get them directly from H 1 (T ^N) ,¥ p [X , Y] k ^ 2 ) for all 
k > 2 (see e.g. [22], Proposition 4.3.1). However, there may be more systems of 
eigenvalues in the group cohomology than in Sk(Ti(N), F p ), but the extra ones 
can easily be identified. 

This article is based on the use of group cohomology. The author studied in 
his thesis (22] and the article j2H] relations to modular symbols and a certain 
cohomology group on the corresponding modular curve. All these agree for 
instance for any congruence subgroup of SL 2 (Z) if the characteristic of the base 
field is p > 5 or in any characteristic for the group Ti(N) with N > 5. 
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We add some remarks on Katz modular forms. As a reference one can use 
El- H3] or 0. For R = C, the Katz cuspidal modular forms are precisely the 
holomorphic cusp forms. Under the assumptions N > 5 and k > 2 one has 
S k (T 1 (N),Z[l/N])®Rc* SkiT^N)^) for any ring R in which N is invertible. 
In particular, this means that any Katz cusp form over ¥ p can be lifted to 
characteristic zero in the same weight and level. The previous statement does 
not hold for weight k — 1 in general. 

Katz cusp forms over ¥ p for a prime p play an important role in a modified 
version of Serre's conjecture on modular forms (see (3), as their use, on the 
one hand, gets rid of some character lifting problems, and on the other hand, 
allows one to minimise the weights of the modular forms. In particular, odd, 
irreducible Galois representations Gal(Q|Q) — ► GL,2(F p ) which are unramified 
at p are conjectured to correspond to Katz eigenforms of weight one. 

Finally, we should mention that William Stein has implemented F p -modular 
symbols and the Hecke operators on them in Magma and Python. One could 
say that this article is also about what they compute. 
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1.1 Notation 

We denote by Mat2(Z)^ the semi-group of integral 2 x 2-matrices with non- 
zero determinant. On it one has Shimura's main involution (° = ( -co) • 
For a ring R the notation R[X,Y] n stands for the homogeneous polynomials of 
degree n in the variables X,Y. We let 

V n {R) := Sym n {R 2 ) = R[X,Y] n 

which we equip with the natural left Mat2(Z)^o -semi-group action. If V is an 
i?-module, let V v be the dual i?-module Hom^fV, R). 

As usual, the upper half plane is denoted by H. Moreover, we shall use 
the standard congruence subgroups T(N), Ti(N) and r (A^) of SL 2 (Z) for an 
integer N > 1, which are defined to consist of the matrices (" b d ) G SL 2 (Z) 
reducing modulo N to (J ?), (o *) res P- (o *)■ 

2 Parabolic group cohomology 

In this section we recall the definition of parabolic group cohomology and present 
some properties to be used in the sequel. We shall use standard facts on group 
cohomology without special reference. The reader can for example consult [Hj- 
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Cohomology of PSL 2 (Z) 

The group PSL 2 (Z) is freely generated by the matrix classes of cr := (i~q) 
and T : = (J V)- A consequence is the following special case of the Mayer- 
Vietoris sequence (see e.g. JBj, P- 221). For any ring R and any left f?[PSL 2 (Z)]- 
module M the sequence 

(2.2) -> M PSLa(z) -> Af <<t) © Af (t) -» M 

J ff 1 (PSL 2 (Z),Af) -^ J H" 1 ((cr),M)e J H" 1 ((r),M) -> 

is exact and for alH > 2 one has isomorphisms 

(2.3) ff 4 (PSL 2 (Z), M) = H i ({a),M) © fT «r), Af). 

Corollary 2.1 Lei R be a ring and T < PSL 2 (Z) be a subgroup of finite index 
such that all the orders of all stabiliser groups T x for x G H are invertible 
inR. Then for all R[T}-modules V one has H 1 ^^) = M/(M< ff > + M < r >) with 
M = Coindp SL2(Z) (t/) and H l (T, V) = for alli>2. 

Proof. We first recall that any non-trivially stabilised point x of H is 
conjugate by an element of PSL 2 (Z) to either i or (3 = e 27 ™/ 3 , whence all non- 
trivial stabiliser groups are of the form g^g^ 1 fl V or g^g^ 1 n T for some 
,g e PSL 2 (Z). From Mackey's formula (see e.g. j22]) one obtains 

H\(a), Com&Z^W)^ JJ H l (g(a)g^ 1 n T, V) 

ger\PSL 2 (z)/(<r) 

for all i and a similar result for r. Due to the invertibility assumption the result 
follows from Shapiro's lemma and Equations VI :2V and i'2.'M . □ 

The assumptions of the proposition are for instance always satisfied if R is 
a field of characteristic not 2 or 3. They also hold for Ti(N) with N > 4 over 
any ring. 

Definition of parabolic group cohomology 

Let R be a ring, T < PSL 2 (Z) a subgroup of finite index and T = to = (J \ ), 
One defines the parabolic group cohomology group for the R[T]-module V as the 
kernel of the restriction map in 

(2.4) o^h^t^^h^v)^* II ^(m^- 1 )^). 

9 er\PSL 2 (z)/<T) 

The definition of parabolic cohomology is compatible with Shapiro's lemma, i.e. 
Equation l|2.4l) is isomorphic to 

(2.5) -> ff p 1 ar (PSL 2 (Z), Af) -> ff 1 (PSL 2 (Z), M) ^ H\(T),M) 

PSL VEi) 

with Af = Coind r 2 V — Hom^p] (f?[PSL 2 (Z)], V), as one sees using e.g. 
Mackey's formula as in the proof of Corollary 12 .11 
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Proposition 2.2 Let R be a ring and V < PSL2(Z) be a subgroup of finite 
index such that all the orders of all stabiliser groups T x for ieH are invertible 
in R. Then for all R[T]-modules V the sequence 

o ^ Hl aI (r,v) ^ H^v) ^ [] J ff 1 (rn( 5 r 5 - 1 ),y)^y r ^o 

ger\PSL 2 (Z)/<T) 

is exact. 

Proof. Due to the assumptions we may apply Corollarv l2.ll The restriction 
map in Equation 112.511 thus becomes 

M/(M< ff > + M< r >) m ^ (1 ~ CT)m » M/(l - T)M, 

since H l ({T),M) M/(l - T)M. The isomorphism M (i?[PSL 2 (Z)] ®r V)r 
allows one to compute that the cokernel of this map is Vr, the r-coinvariants. 

□ 

The module V n (R) 

Let R be a ring. Recall from Notation 11.11 that we put V n (R) 
R[X, Y] n . 

Proposition 2.3 Suppose that nl is invertible in R. Then there is a perfect 
pairing 

V n (R) x V n (R) -> R 

of R-modules, which induces an isomorphism V n (R) — » V n (R) v of R-modules 
respecting the Mat2(Z)^o -action which is given on V n (R) v by (M.(f>)(w) — 
c/>(M L w) for M E Mat 2 (Z)^ , <t> € V n {R) y and w G 7 n (fl), 

Proof. One defines the perfect pairing on V n (R) by first constructing a 
perfect pairing on R 2 , which we consider as column vectors. One sets 

R 2 x R 2 — > i?, (v,w) :— det(v\w) — v\W2 — V2^i. 

If M is a matrix in Mat2(Z)^o, one checks easily that (Mv,w) = (v,M L w). 
This pairing extends naturally to a pairing on the n-th tensor power of R 2 . 
Due to the assumption on the invertibility of nl, we may view Sym"(i? 2 ) as a 
submodule in the n-th tensor power, and hence obtain the desired pairing and 
the isomorphism of the statement. □ 

Lemma 2.4 Let n > 1 be an integer, t — (J an d t' = (ni)- V n -N is 
not a zero divisor in R, then for the t-invariants we have V n {R)^ = {X n ) and 
for the t' -invariants V n {RY l ) — (Y n ). If n\N is invertible in R, then the coin- 
variants are given by V n (R)(t) — V n (R) / (Y n , XY n ~ x , . . . , X n ~ 1 Y) respectively 

v n (R) {t>) = v n (R)/(x n , x n ^Y, . . .,XY n ^). 



= Sym"(i? 2 ) = 
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Proof. The action of t is t.{X n -' l Y l ) = X n -' l (NX + Y)* and consequently 

(t - l).(I n -¥) = Ei=o r iJ xn " iFj with = N '~ 3 (})> which is not a zero 
divisor, respectively invertible, by assumption. For x = Yn=Q aiX n ~' l Y' 1 we 
have (t— X).x — Y^j=o ^ n ~^^ (527=j+i a i r i,i)- ^ — I)- 3 ' = 0, we conclude for 
j = n—l that a„ = 0. Next, for j = n — 2 it follows that a„_i = 0, and so 
on, until ai = 0. This proves the statement on the t-invariants. The one on the 
^-invariants follows from symmetry. The claims on the coinvariants are proved 
in a very similar and straightforward way. □ 

Proposition 2.5 Let n > 1 be an integer. 

(a) If n\N is not a zero divisor in R, then the R-module of T(N) -invariants 
V r „(i?) r(A ' ) is zero. 

(b) IfnlN is invertible inR, then the R-module of T{N) -coinvariants V n (R)r(N) 
is zero. 

(c) Suppose that T is a subgroup o/SL2(Z) such that reduction modulo p defines 
a surjection T -» SL 2 (F p ) (e.g. T(N), T 1 (N), T (N) forp\N). Suppose 
moreover that l<n<pifp>2, and n = 1 if p = 2. Then one has 
V n (¥ p ) r = = V n (W p ) r . 

Proof. As T(N) contains the matrices t and t', Lemma HOI already finishes 
Parts (a) and (b) . The only part of (c) that is not yet covered is when the degree 
is n = p > 2. Since V p (¥ p ) is naturally isomorphic to Ui, Proposition 14. II gives 
the exact sequence of T-modules — > Vi(F p ) — > V p (¥ p ) — > ^,_ 2 (F p ) — > 0. It 
suffices to take invariants respectively coinvariants to obtain the result. □ 

Torsion-freeness and base change properties 

Herremans has computed a torsion-freeness result like the following proposition 
in ^21; Proposition 9. Here we give a short and conceptual proof of a slightly 
more general statement. The way of approach was suggested by Bas Edixhoven. 

Proposition 2.6 Assume that R is an integral domain of characteristic such 
that R/pR = F p for a prime p. Let N > 1 and k > 2 be integers and let 
r < SL 2 (Z) be a subgroup containing T(N) but not —1 such that the orders 
of the stabiliser subgroups T x for x £ H have order coprime to p. Then the 
following statements hold: 

(a) H\T, V k - 2 {R)) ®r F p = H\T, V k - 2 (W P )). 

(b) Ifk = 2, then H l (T,V k -2( R ))\p\ = °- # k > 3 > then H 1 {T ,V k - 2 {R))[p] = 
Vfc-2(F p ) r . In particular, if p \ N , then H 1 ^, V k -2(R))\p] = for all 
ke{2,...,p + 2}. 

(c) Ifk = 2, or ifk e {3,...,p + 2} andp\N, then H^T ;V k - 2 (R)) ® ' P = 

ffi ar (r,T4- 2 (F p )). 
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Proof. Let us first notice that the sequence 

- V k - 2 (R) ^ V k - 2 (R) - V k - 2 (¥ P ) -» 

of i?[r]-modules is exact. The associated long exact sequence gives rise to the 
short exact sequence 

- H*(T, V k - 2 (R)) ® F p -» V fc _ 2 (F p )) -» ff i+1 (r, V fc _a(i2))[p] -» 

for every i > 0. Exploiting this sequence for i = 1 immediately yields Part (a), 
since any if 2 of T is zero by Corollary 12,11 Part (b) is a direct consequence of 
the case i — and Proposition 12.51 

We have the exact commutative diagram 

o — >■ ff^r, Vfc_ 2 (i?)) — ^ ^(r, %_ 2 (iz)) - ^(r, F fe _ 2 (F p )) — >■ o 

t t i 

o - n 3 f 1 ^. (i?)) - n 9 # ha,, ^- 2 (i?)) - n 9 ^ha. ^-20^)) - o 
i t 

(V k - 2 (R))r >• (V k - 2 (R))r 

t I 


where the products are taken over g e r\PSL 2 (Z)/(T), and D g = T n (gTg' 1 ). 
The exactness of the first row is the contents of Parts (a) and (b). That the 
columns are exact follows from Proposition 12.21 The zero on the right of the 
second row is due to the fact that D g is free on one generator. That generator is 
of the form g ( J \ ) g~ x with r | N, so that r is invertible in ¥ p . The zero on the 
left is trivial for k — 2 and for 3 < k < p + 2 it is a consequence of Lemma l2~4l 
Part (c) now follows from the snake lemma and Proposition 12.51 which implies 
that the bottom map is an injection. □ 

3 Hecke action 

Hecke operators conceptually come from Hecke correspondences on modular 
curves respectively modular stacks. They are best described on the moduli 
interpretations (see e.g. 0, 3.2 and 7.3). All Hecke operators that we will en- 
counter in this article arise like this. This section presents Hecke operators on 
group cohomology and the principal result is the behaviour of the Hecke oper- 
ators with respect to Shapiro's lemma. That result was obtained by Ash and 
Stevens (pp, Lemma 2.2). Here, however, we avoid their rather heavy language 
of weakly compatible Hecke pairs. Instead, the description of Hecke operators 
on group cohomology is used which comes directly from the Hecke correspon- 
dences (formally one has to work on the modular stacks with locally constant 
coefficients, in case of non-trivially stabilised points). For the description we 
follow r$. 12.4. 
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Hecke operators on group cohomology 

Let R be a ring, a £ Mat2(Z)^o and T < PSL2(Z) be a subgroup containing 
some r(iV). We use the notations r Q := rria _1 ra and T a ;= maTa -1 , where 
we consider a" 1 as an element of GL 2 (Q). Both groups are commensurable 
with r. 

Suppose that V is an R- module with a Mat2(Z)^o-semi-group action which 
restricts to an action by T. The Hecke operator T a acting on group cohomology 
is the composite 

H i(Y jV ) ^H\T a ,V) ^^H 1 {T ai V) ^^H 1 ^^). 

The first map is the usual restriction, and the third one is the so-called con- 
striction, which one also finds in the literature under the name transfer. We 
explicitly describe the second map on non-homogeneous cocycles (cf. 0, P- 116): 

conj a : H\T a , V) -> H 1 ^, V), c^(g a ^ a 1 .c^a" 1 )) . 

There is a similar description on the parabolic subspace and the two are compat- 
ible. The following formula can also be found in [jj), p. 116, and |20j . Section 8.3. 

Proposition 3.1 Suppose that TaT = 1J™ =1 T5{ is a disjoint union. Then 
the Hecke operator T a acts on 7? 1 (r,y) and -ffp ar (T, V) by sending the non- 
homogeneous cocyle c to T a c defined by 

n 

(T a c)(g) =£«M^i) 

i=l 

for g £ r. Here is the index such that 5igS~^ E T. 

Proof. We only have to describe the corestriction explicitly. For that we 
notice that one has T — 1J™ =1 T a gi with agi = Si. Furthermore the corestriction 
of a non-homogeneous cocycle u 6 H 1 (T a ,V) is the cocycle cores(w) uniquely 
given by 

n 

cores(u)( 5 ) = ^g^uigiggj^) 

i=i 

for g e T. Combining with the explicit description of the map conj Q yields the 
result. □ 

Suppose now that T = Ti(N) (resp. T = T (N)). For a positive integer n, the 
Hecke operator T n is J2 a Ta , where the sum runs through a system of representa- 
tives of the double cosets r\A"/r for the set A™ of matrices ( a c h d ) G Mat 2 (Z) #0 
of determinant n such that ( ° \ ) = ( \ * ) mod N (resp. ( a c b d ) = ( o * ) m od N) . 
For a prime p one has T p = T a with a = (JJ). If T = Ti (N) and the integer d is 
coprime to N, the diamond operator (d) is T a for any matrix a G SL2(Z) whose 
reduction modulo TV is d )- The diamond operator gives a group action 
by {Z/NZ)* (with -1 acting trivially). If the level is ATM with (N, M) = 1, 
then we can separate the diamond operator into two parts (d) = (d)jvf x (e?}jv, 



8 



corresponding to Z/AMZ = Z/MZx Z/AZ. The Hecke and diamond operators 
satisfy the "usual" Euler product and one has the formulae T n T m — T nm for any 
pair of coprime integers n,m and T pr +i = T p tT p — p k ~ 1 (p)T pr -i if p \ A, and 
T p r+i = T pr T p if p | N for the action on ^(T^N), V k - 2 )- 

Hecke operators and Shapiro's lemma 

Let A, M be coprime positive integers. In order to test compatibility of the 
Hecke operators with Shapiro's lemma we need to extend the Ti(./V)-action on 
Coindp^j^fV) to a Mat 2 (Z)^ -semi-group action "in the right way". For that 
we define the i?-module W(M, V) as 

{/ G Rom R (R[(Z/MZ)%V) | /((«,«)) = V(u,v) s.t. (u,v) 56 Z/MZ}. 

It carries the left Mat2(Z)^o-semi-group action (g.f)((u,v)) = gf((u,v)g) for 
/ G W(M,V), g G Mat 2 (Z) #0 and (u,v) G (Z/AfZ) 2 . 

Lemma 3.2 The homomorphism 

W(M 7 V)^Bom R[ri{NM)] (R[T 1 (N)],V), / ~ (ff ~ ($./)((0, 1))) 

is an isomorphism of left Ti(N) -modules (for the restricted action on W(M, V) ). 
In particular, W{M,V) is isomorphic to CoindpM^]^ (V") as a left Ti(N)- 
module. 

Proof. As and M are coprime, reduction modulo M defines a surjection 
from Ti(N) onto SL 2 (Z/MZ). This implies that the map 

r 1 (M)\r 1 (Jv) ^(o.iMmodM (Z/MZ)2 

is injective, and its image is the set of the (u, v) with Z/MZ = (u,v). As 
the ri(AM)-action on V is the restriction of a ri(AT)-action, the coinduced 
module can be identified with Hom fl (i?[ri(AM)\ri(A?')], V). From this the 
claimed isomorphism follows directly. □ 

Lemma 3.3 Let N, n be positive integers. We set 

MAO" = { ( %\ ) € Mat 2 (Z)^ 1 det ( %\ ) = n, ( %\ ) = ( \ % ) mod N}. 

There is the decomposition 

A 1 (Ar)« = UUr 1 (ArK(^) 

a b 

where a runs through the integers such that a > 0, (a, A) = 1, ad = n and 

b through a system of representatives ofZ/dZ. Here a a G SL 2 (Z) is a matrix 
reducing to ("q 1 o) modulo N. 
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Proof. This is [23, Proposition 3.36. □ 
The Shapiro map is the isomorphism on cohomology groups 

Sh : If 1 (Pi ( JV) , W (M, V) ) -> ff^r^JVM), V) 

which is induced by the homomorphism W(M, V) — > V, sending / to /((0, 1)). 

Proposition 3.4 For all integers n,d>l with (d,N) — 1 we have 
T n o Sh = Sh o T n and (d) jv o Sh = Sh o (d) jy. 

Proof. We first prove the statement for T n . For every integer a > 
dividing n such that (a, N) — 1 we choose a matrix <7 a such that it reduces 
to ( a Q 1 °) modulo N. If (a, M) = 1, then we also impose that a a reduces to 
( "o 1 a ) modul ° M - If ( a >^) ¥= 1. then we want a a = (J?) modulo M. A 
simple calculation shows that (0, l)(u a (§ d) ) i s congruent to (0, 1) modulo M 
if (a, M) = 1 respectively to (0, a) if (a, M) ^ 1. 

A set of explicit coset representatives of Ti(NM)\A 1 (NM) n is given by 
Lemma, l3~3l as a subset of coset representatives of Ti(N)\Ai(N) n , namely of 
those with (a,M) = 1. 

Let now c € ^(r^iV), W(M, V")) be a cocycle. Then by PronositionEHland 
the definition of the Mat 2 (Z)^ -action on W(M, V) we have for g £ T X {NM) 

(Sh(T n c))(s) = ^ 5< (c(M _1 )((0, 1)5' )) , 

where the sum runs over the above coset representatives for Ti(N)\Ai(N) n and 
5 is chosen among these representatives such that SgS -1 6 ri(TVM). Moreover, 
we have 

(T„(Sh(c)))( 5 )=^^( c ( ( 5. g J- 1 )((0,l))), 

where now the sum only runs through the subset described above. By what 
we have remarked right above (0, 1)5' is congruent to (0, 1) modulo M if and 
only if (a,M) = 1. If (a,M) ^ 1, then (a) ^ Z/MZ, but we have {0,1)5' = 
(0, a) mod TV. This proves the compatibility for T n . 

Since (d) n only depends on d modulo N, we may suppose that d is congruent 
to 1 modulo M. We choose a — Od such that it reduces to ( d Q 1 ®) modulo N 
and to (J») modulo M. For c E H 1 (Ti(N), W(M, V)) and 5 € r x (iVM) the 
formula 

(Sh((d)^c))( ff ) =a l -(c(aga- 1 )((0,l)a'-)) = ((d) N (Sh(c)))(g) 
follows. □ 

Proposition 3.5 For (n,M) — 1 we define the 72[Mat2(Z) 7 so] -isomorphism 

mult„ : W(M, V) -> W(M, V), / h-> ((«,«) /((nu,™))). 
T/ien we /ia«e 

(n)jvf Sh = Sh o mult„. 
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Proof. Let a £ SL,2(Z) be a matrix reducing to ( n 1 °) modulo M and to 
(o ?) modulo N. This means in particular that a £ Ti(N). Hence, for a cocycle 
c £ H^TiiN), W(M,V)) we have 

a- l c(aga- 1 ) = c(g) + (g - l)^' 1 ), 

so that the equality c(aga- r ) = ac(g) holds in H 1 {V X {N) ,W {M ,V)) . 
We can now check the claim. First we have 

«n) M ° Sh)(c)(ff) = a'((a.c( 5 ))((0, 1))) = c(g)((0, l)a). 

This agrees with (Sh o mult„)(c)(g) = c(g)((0, n)). □ 

4 Reduction to weight 2 for parabolic group co- 
homology 

This section deals with the reduction to weight 2 for parabolic group cohomol- 
ogy, by which we mean that the parabolic group cohomology over F p for Ti{N) 
with p \ N and weight 3<fc<p+lis related to the weight two parabolic 
group cohomology of T\{Np). Hence, the parabolic group cohomology shows 
a behaviour similar to that of modular forms (cf. Proposition lo.lll . Roughly 
speaking, the reduction to weight 2 on group cohomology comes from the de- 
composition of Coindp^L(Fp) into simple F p [SL 2 (F p )]-modules. Those are 
precisely the Vd(F p ) for < d < p — 1. 

The contents of this section is already partly present in QJ. However, in that 
paper the parabolic subspace is not treated. 

Decomposition of W(p, F p ) as F p [Mat 2 (Z)^ ]-module 

We now relate the F p [Mat2(Z)^ ]-modules W(p,F p ) and V d {¥ p ) for < d < 
p — 1. It is easy to check that evaluation of polynomials on F^ induces an 
isomorphism of F p [Mat2(Z)^o] -modules 

(4.6) ¥ p [X,Y]/(XP -XX P -Y)=¥ ¥ /. 

We can thus identify W(p,F p ) with {/ £ ¥ p [X, Y]/(X*>-X, Y^-Y) \ /((0,0)) = 
0}. Let Ud(¥ p ) be the subspace consisting of polynomial classes of degree d, i.e. 
those that satisfy f(lx,ly) — l d f(x,y) for all I £ ¥*. Note that the degree is 
naturally defined modulo p — 1. It is clear that the natural Mat2(Z)^o-action 
respects the degree. We remark that the dimension of any U& is p + 1. By 
collecting monomials we obtain 

p-2 

(4.7) W(p,F p ) =0(7 d (F p ). 

(2=0 

Furthermore, we dispose of the perfect bilinear pairing 

W(p,F p ) x W(p,F p )^F p , (f,g)= f(a,b)g(a,b). 

(a,b)ewl 
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It is elementary to check that U d (¥ p ) pairs to zero with U e (¥ p ) if (p— 1) \ (d + e). 
Hence, the restricted pairing U d (¥ p ) x /7 p _i_<j(F p ) — > F p is perfect for < d < 
p — 1, as the dimensions of t/ p _i_d(F p ) and ?Xj(F p ) are equal. Furthermore, 
¥ p [X, Y] d pairs to zero with ¥ p [X, Y] p _i- d . Consequently the induced pairing 
U d (¥ p )/V d (¥ p ) x V p _i_ ( j(F p ) — > F p is perfect. Composing with the map from 
Proposition [231 we obtain an isomorphism U d (¥ p )/V d (¥ p ) — » V^-i-d(F p ). 

Proposition 4.1 Lei p fee a prime and d and integer with < d < p— 1. TTie 
preceding construction gives the exact sequence 

-> V d (F p ) -> £/ d (F p ) -> ^ p _i_ d (F p ) - 0. 

Moreover, the diagram 

Vd(F p ) CT^F,) Vp-x- d (¥ p ) 

Af.J, I A/. Jdet(M) d M. 

— V d (¥ p ) U d (¥ p ) Vp-x- d (¥ p ) 

commutes for all M € Mat2(Z)^o whose reduction modulo p is invertible. If 
d > 0, i/ien £/ie diagram is also commutative for M = (o p ) 1 = (jjj), which 
means in particular that the right hand side vertical arrow is zero. 

Proof. Only the commutativity need be checked. If M is invertible mod- 
ulo p, one immediately sees that the pairing on W(p, F p ) is invariant under M, 
i.e. (Mf,Mg) = (f,g) for all f,g € W(p, F p ). The commutativity is then clear 
from Proposition 12.31 In order to treat M = ( fj ° ) one considers the basis of 
U d (¥p) given by the monomials of degree d, which correspond to the embedding 
of V d (¥ p ), together with the monomials X l Y p ~ 1+d ~ l for d < i < p — 1. As the 
latter monomials all contain at least one factor of X by assumption, they are 
killed by applying the matrix. □ 

Reduction to weight 2 

We introduce the following notation. Let M be any F p - vector space on which the 
Hecke operators T} and the p-part of the diamond operators (-) p act. Suppose 
d > 0. By M[d] we mean M with the action of the Hecke operator T; "twisted" 
to be l d Ti (in particular T p acts as zero). Furthermore, by M(d) we denote the 
subspace on which (l) p acts as l d . 

The non-parabolic part of the following proposition is also [TJ, Theorem 3.4. 

Proposition 4.2 Letp be a prime, N > 4 and < d < p — 1 integers such that 
p\ N . We have isomorphisms respecting the Hecke operators 

H 1 (T 1 (Np),¥ p )(d) S ^(iMAO^Fp)) and 

H p 1 ar (r 1 (iVp),F p )(rf) s HlMNlUM). 
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Moreover, the sequences 



- H l (Ti(N), V d {¥ p )) -» H 1 (Ti(N), U d (F p )) 



^(Ti^.V^-i-dCFp))^ ^0 



and 



o - ffpUiMAO, Vd(F p )) - ^(^(jv), c/ d (F p )) 

^F p 1 ar (r 1 (iv),y ?) _ 1 _ d (F p ))[d]^o 



are ezaci and respect the Hecke operators. 

Proof. The first statement follows from Propositions 13.41 and 13.51 together 
with the definition of f7<j(F p ). The first exact sequence is part of the long 
exact sequence associated to the short exact sequence of Proposition 14.11 The 
commutative diagram in that proposition gives the twisting of the Hecke action 
in the exact sequences. This follows directly from the description of the Hecke 
operator on group cohomology. 

For d = p - 1 we have f7 p _i(F p ) = Vb(F p ) © V p -i(W p ), from which the 
statements follow. So we now assume d < p— 1, in particular p ^ 2. For the top 
sequence we only need to check that it is exact on the left and on the right. By 
Proposition EH we have F°(Pi(iV), V p -i- d (¥ p )) = 0. The ff 2 -terms are trivial 
by Corollary O 

The exactness of the second sequence follows from the snake lemma, once 
we have established the exactness of 



0_f II H l (D C) V d (F p )) -> J] H^D^UAWp)) 

c cusps c cusps 



where D c is the stabiliser group of the cusp c = goo with g 6 PSL 2 (Z). Hence, 
D c = g(T)g~ 1 n Ti(N), This group is infinite cyclic generated by g (q \) g -1 
for some reZ dividing N (see also the proof of Proposition I2.6J1 , Hence, we 
have H 2 (D c ,V d (¥ p j) = 0. We claim that the sequence 



°^ II H°{D c ,V d (F p ))-> J] H°(D c ,U d (¥ p )) 

c cusps c cusps 

I] H°{D c ,V p ^ d (¥ p ))^0 



is exact. Lemma EH implies that H°(D c ,V d (¥ p )) and H°{D c ,V p -i- d (¥ p )) are 
one-dimensional. In order to finish the proof, it thus suffices to prove that 
H Q (D Cl U d (¥ p )) is (at least) of dimension 2. The elements X d G U d (¥ p ) and 
Y d {l - XP- 1 ) E U d (¥ p ) are invariant under T. Indeed, 

T.Y d (l - XP- 1 ) = (X + Y) d {l - XP' 1 ) 



c cusps 



c cusps 
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as in U d (¥ p ) we have X\l - X^ 1 ) = X i ~ 1 {X - X p ) = for i > 0. □ 



5 Modular forms of weight 2 and level Np 

This section recalls the reduction to weight 2 for modular forms and establishes 
a link between parabolic group cohomology and modular forms via Jacobians 
of modular curves. 

Reduction to weight 2 for modular forms 

We recall some work of Serre as explained in ^T], Sections 7 and 8, cf. also 
Section 6. 

Let us now introduce notation that is used throughout the sequel of this 
article. We consider the modular curve Xi(Np) over Q P (C P ) for a prime p > 2 
not dividing N > 5. It has a regular stable model X over the ring [Cp\ ; see 
e.g. ^j. Let J denote the Neron model over 1> P [(, P ] of J\{Np), the Jacobian of 
Xx{Np) over Q p (( p ). We let, following p], Section 8, 

L = H (X, fix/z p [c P ])j 

where Qx/z p [c P ] is the dualising sheaf of X of [3], Section 1.2. By Equa- 
tion 8.2, we have for the special fibre X^ v that 

L := H°(X ¥p ,n X¥p/¥p ) = L ® Zp[Cp] F p . 

On L and L the p-part (-) p of the diamond operator acts. The principal 
result on L that we will need is the following (see Propositions 8.13 and 8.18 of 
[TT]1. The notation is as in Proposition 14.21 

Proposition 5.1 (Serre) Assume 3<k<p,N>5 and p \ N. Then there is 
an isomorphism of¥ p -vector spaces 

L(k - 2) S S fc (r x (iV),F p ) © S' p+3 _ fc (r 1 (7V),F p )[fc - 2] 

respecting the Heche operators. Moreover, the sequence of Heche modules 

o -> s a (ri(jyo,F p )[p - i] -> L(p - 1) -» Sp+i(ri(jv),F p ) o 

is exact. 

Parabolic cohomology and the p-torsion of the Jacobian 

In order to compare Hecke algebras of cusp forms with those of parabolic group 
cohomology in characteristic p, we generalise the strategy of the second part 
of the proof of jjj, Theorem 5.2. Hence, we wish to bring the Jacobian into 
the play, since it will enable us to pass from characteristic zero geometry to 
characteristic p. 
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Lemma 5.2 There are isomorphisms 



L s Coto(^) a Cot (Jg>]) 

respecting the Hecke operators. 

Proof. The first isomorphism is e.g. 0, Equation 6.7.2. The second one 
follows from the fact that multiplication by p on Jj! induces multiplication by p 
on the tangent space at 0, which is the zero map. Hence, the tangent space at 
of [p] is equal to the one of . □ 

To establish an explicit link between parabolic cohomology and modular 
forms, we identify the parabolic cohomology group for Ti (TV) with F p -coefficients 
as the p-torsion of the Jacobian of the corresponding modular curve. Here we 
may view the Jacobian as a complex abelian variety. As in the other cases, the 
Hecke correspondences on the modular curves give rise to Hecke operators on 
the Jacobian. 

Proposition 5.3 Let TV > 3 be an integer, and p a prime. Then there are 
isomorphisms of ¥ p -vector spaces 

H^p^Np),*,) = J(C)\p] = J(Q P )[ P ] 

respecting the Hecke operators. 

Proof. The second equality follows from the fact that torsion points are 
algebraic. We start with the exact Kummer sequence of analytic sheaves on 
X x {Np) 

— ► Hp — > G m — ► G m — ► 0. 
Its long exact sequence in analytic cohomology yields 

-» H^X^Np),^) ^ftW^m) ^ H\X 1 (Np),G m ). 

Using H 1 (Xi(Np), G m ) = Picx 1 (Af p )(C) one obtains that if 1 (Xi(TVp), fx P ) is 
isomorphic to J(C)[p\. As C contains the p-th roots of unity, we may replace 
the sheaf /i p by the constant sheaf F p . Moreover, the group H 1 (Xi(Np), F p ) 
coincides with Hp al (Ti(Np),¥ p ). This follows for example from the Leray spec- 
tral sequence for the open immersion Yi(Np) Xi(Np) (see e.g. Since 
the Hecke operators come from correspondences on modular curves, the isomor- 
phisms are compatible for the Hecke action. □ 

6 Hecke algebras 

In this section we compare the Hecke algebra of cuspidal modular forms to that 
of parabolic group cohomology and establish isomorphisms in certain cases. 
The principal result is Theorem 16.71 from which the application to ordinary 
cusp forms ( Corollary 16. 9JI mentioned in the introduction follows. 
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Whenever for a ring R we have an R- module M, on which Hecke operators T n 
act for all n, we let 

Tfl(M) := R[T n | n e N] C End fl (M), 

i.e. the i?-subalgebra of the endomorphism algebra generated by the Hecke op- 
erators. 

We claim that in the situation of Hecke operators on modular forms or group 
cohomology for Ti(N) of weight k the diamond operators are in Tr(M). For a 
coprime to N, let h, h be distinct primes which are congruent to a modulo N. 
Then Zf -1 (a) = T£ - T,2, so that with 1 = rl^ 1 + sl^" 1 the claim follows. 

The Hecke algebra of modular forms and Eichler-Shimura 

We start by stating the Eichler-Shimura theorem (see 0, Theorem 12.2.2 and 
Proposition 12.4.10). 

Theorem 6.1 (Eichler-Shimura) For k > 2 and T < SL/2(Z) a congruence 
subgroup there is an isomorphism of 'Tz(Sfc(r, C)) -modules, the Eichler-Shimura 
isomorphism, 

H^ T (T,V k . 2 (C)) = 5 fc (r,C)©5 fc (r,C). 

Corollary 6.2 For k > 2 and N > 3 we have natural ring isomorphisms 

T z (5 fc (Ti(JV),C)) = T z (F^ ar (r 1 (iV-),F fe _ 2 (Z))/torsion). 

Proof. The free Z-module Hp al (Ti(N), Vfc_ 2 (Z))/torsion is a Z-structure 
in the C-vector space H^ aI (Ti(N), Vfc_ 2 (C)). Any Z-structure gives an iso- 
morphic Hecke algebra. Finally, Theorem 16.11 implies that the Hecke algebra 
of H^TiiN), Vfc_ 2 (C)) is isomorphic to the Hecke algebra of SkiT^N), C). 

□ 

The formula in this corollary is the reason why many people prefer to factor 
out the torsion of modular symbols. 

Proposition 6.3 Let N > 5, k > 2 integers andp\ N a prime. Then we have 

T z (S k (Ti (N) , Q) ® z F p S T Fp (5* (Ti (JV), 1,)) . 

Proof. By 0, Theorem 12.3.2, there is no difference between Katz cusp 
forms over F p and those that are reductions of classical cusp forms whose q- 
expansion is in Z[1/JV], i.e. 

5 fc (T!(iV),Z[l/JV]) ® Z [i/N] = 5k(Ti(jy0,F p ). 

Hence, the g-expansion principle gives the two perfect pairings 

T z (S k (ri(2V),C))®zZ[l/iV] x S fe (ri(iV),Z[l/iV]) -> Z[1/JV], (T,/) 0l (T/) 
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and 

Tr^SkFtiN)^,)) x5 fc (r 1 (JV),F p )^F P) (T, /) i-> ai(T/). 

Tensoring the first one with F p allows us to compare it to the second one, from 
which the proposition follows. □ 

Corollary 6.4 Let p be a prime and N>5,2<k<p + 2 integers s.t. p \ N . 
Then sending the operator T\ to T\ for all primes I defines a surjective ¥ p -algebra 
homomorphism 

T^iSkiT^N)^)) -» T Fp (ff p \ r (r!(iV),F fc _ 2 (F p ))). 

Proof. From Corollary 16. 21 we obtain because of p-torsion-freeness (Propo- 
sition 12. (ill an isomorphism of F p -algebras 

T z (5 fc (r x (JV),C)) <8F P - T^Hl^T^N)^^))) ® Z W P . 

By Pronosition l6.3l the term on the left hand side is equal to Tf p (Sk(Ti(N), F p )) 
so that it suffices to have a surjection 

T z (^ ar (r 1 (iV),F fe _ 2 (Z))) ® F p -» ^(^(^(iV),^^))), 

which follows from Proposition [231 Indeed, the isomorphism 

^(TxpV), V fc - 3 (Z)) ® F p S H^^iN^Vk^)) 

is compatible with Hecke operators, and allows one to define a homomorphism 
from the Hecke algebra on the left hand term to the one on the right hand term, 
which is automatically surjective by the definition of the Hecke algebra. □ 

Proposition 6.5 Let N > 1, k > 2 be integers and K a field. If the character- 

proj 

istic of K is p > 0, then we assume p \ N . Furthermore, let e : To(N) -» 
T (N)/T 1 (N) —> K* be a character such that e(-l) = (-l) fc . Denote by 
T the K-Hecke algebra of Sk{Ti(N), K) and by T e the K-Hecke algebra of 
Sk(Ti(N), e, K). Furthermore, let 

I = ((5) - e(S) | 6 e r (JV)/T!(^)) < T. 

Then T/I and T e are isomorphic K -algebras. 

Proof. As we work with Katz modular cusp forms (for that we need the 
condition p \ N), we dispose of the g-expansion principle. Hence we have isomor- 
phisms respecting the Hecke action (T e ) v S k (rx(N),e, K) = T v [7] (T//) v , 
whence the proposition follows. □ 
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Comparing Hecke algebras over ¥ p 

Proposition 6.6 Let N > 5 be an integer, p \ N a prime and Q < d < p — 1 an 
integer. There exists a surjection Tf p (Hp ax (Ti(Np),¥ p ](d)) -» T^ p (L(dj) such 
that the diagram of¥ p -algebras 



T z (5 2 (ri(JVp),C)(d)) ®F P 



^vAL(d)) 



commutes. All maps are uniquely determined by sending the Hecke operator Ti 
to Ti for all primes I. 

Proof. Let us first remark how the diagonal arrows are made. The lower 
one comes from the isomorphism (see Proposition EjJ 

H^T^Np)^) ®F p = H^iT^Np)^). 

The upper one is due to the fact that L is a lattice in iS^r^iVp), Q p (Cp)) (see 
p. 472) and using arguments as in Corollary 16.21 As the order of F* is 
invertible in F p , we can everywhere pass to the eigencomponents of the action 
of the p-part of the diamond operator (-} p . 

We obtain the vertical arrow by showing that the kernel of the lower diagonal 
map is contained in the kernel of the upper diagonal map. In other words, we 
will show that if a Hecke operator T in T%(S2(Ti(Np), C)(d)) ® F p acts as zero 
on Hp Scr (Ti(Np),¥p)(d), then it acts as zero on L{d). 

So assume that T acts as zero on Hp al (Ti(Np),¥ p )(d). By Proposition EH 
it acts as zero on Jq (Q p )[p](d), hence on Jq [p](<i), as Jq p [p] is reduced. But 
then it also acts as zero on Jz p [c P ]\p]{d), as it acts as zero on the generic fibre 
using that J[p] is flat over Z p [£ p ] (j2j, Lemma 7.3.2, as J is semi-abelian) . But 
consequently, it also acts as zero on the special fibre Jv p \p](d), whence also on 
the cotangent space Cot (J^[p])(d). Now Lemma 15^21 finishes the proof. □ 

Theorem 6.7 Let p be a prime and 2 < k < p + 1, N > 5 integers such that 
p\N. We write for short T? al : > N < k := T ¥p (H^Jt^N), V fe _ 2 (F p ))) , T mod ' N ' k := 
Tfj, (Sfc(ri(JV), F p )J and similarly for the twisted ones. Then there is the com- 
mutative diagram of ¥ p -algebras 

T Fp (L(k - 2)) s~ imod,N,k x T mod,iV,p+3-fe,[fe-2] 



rjppaTjJVp^ >. qppar,7V,/c x n^p&r,N,p+3 — k,[k — 2] 

The vertical arrows are obtained from Pronosition \6. 61 resn. Corollary \6.J\ and 
the horizontal ones from Proposition I5.il and Proposition \4-'A The vertical ar- 
rows are surjective. If 2 < k < p, then the upper horizontal arrow is injective. 
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Proof. The commutativity is clear, as T; is sent to 7] x 2] along the hor- 
izontal arrows, and 7] is sent to Ti along the vertical arrows for all primes /. 
The surjectivity of the vertical arrows has been proved at the places cited above. 
The injectivity of the upper homomorphism is the fact that L{k — 2) is the direct 
sum of S k {Y x {N),¥ p ) and S^- k {Tx[N),¥ p )[k - 2], if 2 < k < p. □ 

Corollary 6.8 Let 2<k<p+l,N>5 such that p \ N . Let ^ be a maximal 
ideal of the Hecke algebra Tz(S2(Ti(Np), C)(cT)) (g)F p which is not in the support 
°f <Sp+3— fc(ri(iV), F p ). Then we have an isomorphism 

T Fp (5 )fe (r 1 (7V),F J) ) ( p) = T Fp ( J ffi ar (r 1 (iv),y fe _ 2 (F p )) ( p). 

Proof. The assumption means that (S p +3-k{Ti(N), F p )[k — 2])<p = 0. By 
CorollarvlOlthe ideal *P is not in the support of H^T^N), V p+ i- k (¥ p ))[k-2] 
either, whence (Hp al (Ti(N), Vp + i_fc(Fp))[fc — 2])<p = 0. Hence, the sequences 
of Propositions 14.21 and 15.11 localised at ?P give isomorphisms T Fp (L(k — 2))^ = 

nrmod,7V,/c n rmpar, Np.2 ^ mpar. N,k TT l j.i j.- i j.i i v 

l,p and Jim = li Jp . Hence, also the vertical maps m the locali- 

sation at <P of the diagram of Theorem 16. 71 are isomorphisms. □ 

Corollary 6.9 Let 2 < k < p + I, N > 5 such that p \ N. Let ^ be a 

maximal ideal of T Fp (Sk(^i (N), F p )) corresponding to a normalised eigenform 
f £ Sfc(Ti(iV), F p ) which is ordinary, i.e. a p (f) ^ 0. T/ien we have an isomor- 
phism 

^(^(iMAO.Fp)^) = T Fp ( J ffi ar (r 1 (iv),y fe _ 2 (Fp)) ( p). 

Proof. As the operator T p always acts as zero on S p+ 3-k(Ti(N),¥ p )[k — 2] 
the maximal ideal cannot be in the support of S p+ 3- k (Ti(N) 7 W p )[k — 2], 
whence we are in the situation of Corollary 16.81 □ 

7 Application to Tq(N) and characters 

The techniques from the preceding sections do not apply to the group T (N). 
In this section we show that one can, nevertheless, derive similar results for that 
group together with a character of the quotient group T (N)/Ti(N) = (Z/NZ)*, 
Let us for the sequel of this section make the following assumption. 

Assumption 7.1 Let p > 5 be a prime and K a finite field of characteristic p 
or K — Fp. Suppose, moreover, that we are given integers N > 5 and k with 
3<k<p+landp\N. Let A = r (AT)/ r i (N) . Lt acts on H 1 (Ti(N), ■), 
the parabolic subspace and on S k {Y\(N), K) through the diamond operators. 

proj 

Furthermore, lete be a character of the form e : Tq(N) -» To(N)/Ti(N) — > K* . 
Denote by K e the K[To(N)]-module which is a copy of K with action through 
e _1 . We write V k e _ 2 for the K[To(N)]-module V k - 2 {K) <S>k K e . Finally, let G 
be the group with Ti(N) < G < Tq(N) such that G/Ti(N) = A p , the p-Sylow 
subgroup of A. Note that G acts freely on H. 
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Lemma 7.2 Let us assume VTT\ Then H 1 (Ti(N), Vk-2(K )) and its parabolic 
subspace are coinduced K[A p ]-modules. 

Proof. We write V = V k - 2 (K) and T := V X {N). The Hochschild-Serre 
spectral sequence (in the notation from ^Z|) Appendix B, we use the exact 
sequence E\ — > i?^' 1 — ► fij' ) gives the exact sequence 

ker (i/ 2 (G,^)^iJ°(A p ,i? 2 (r,y))) 

- ff x (A p , ^(r, \/)) - i/ 3 (A p , #°(r, v)), 

whence 7? 1 (A p , -ff 1 (r, V)) is zero by Corollary 12 , II and Proposition 12.51 From 
Proposition E3 it follows taking A p -cohomology that the sequence 

o^Hl m .(r,v) A ^H\r,v) A ^( J] ^(rn^- 1 )^))^ 

3 er\PSL 2 (z)/(T) 

^i/ 1 (A pjJ ffi ar (r,y))^o 

is exact. It can be checked (using that — 1 G and that p does not divide the 
ramification indices of the cusps) that the first three terms are 

o^ J ff p 1 ar (G,y)^F 1 (G,y)^ J] ff 1 (G , n< 5 T 5 - 1 ),y)^o, 

S eG\PSL 2 (Z)/(T> 

where the zero on the right is again a consequence of Proposition 12.21 Hence, 
H 1 (A p , ifp ar (r, V)) is zero. Finally, JHj, Proposition 1.7.3(h), implies that 
i? 1 (r, V) and its parabolic subspace are coinduced A p -modules. □ 

Lemma 7.3 Let us assume \7~l\ Then Sk(Ti(N), K ) is a free K[A p ]-module. 

Proof. For the notation in this proof we follow jjj], pp. 209-210 and the 
proof of Lemma 1.9. We let T := T 1 (N). 

The projection tt : Xr -» Xq is a Galois cover with group A p of projective K- 
schemes. Indeed, for the open part this is VI. 2. 7. Moreover, the ramification 
index of the cusps divides N, whence the cusps are unramified in a p-extension. 

Using Serre duality and the Kodaira-Spencer isomorphism (see 0, VI. 4. 5. 2) 
we obtain 

H^Xa,^ (-cusps)) S £? H^Xg^ 1 ® (w® fc (-cusps)) v ) v 

K = S H°(X G ,^ 2 - fc ) v 

which is zero, since the degree of uj® 2 ~ k is negative (as k > 3). The map tt is 
Stale and we have H°(X r ,7r*uj® k {-cusps)) = S k (T, K). We conclude from [EI, 
Theorem 2, that this is a free i^[A p ]-module. □ 

Theorem 7.4 Let us assume [Til and that Hp SLI (Ti(N), Vk-2(K)) is a faithful 
IV (<Sfc(ri(7V), K)) -module. Then Hp al (To(N), V fc e _ 2 ) is a faithful module for 

T Ar (S fc (r 1 (2V),e,J0). 
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Proof. Let T := Ti(N). We claim that N A := Y^seA S e K i A ] induces 
isomorphisms 

(7.8) (5 fc (r, K) ® K K e ) A -> (5 fc (r, ® x ^ £ ) A 
and 

(7.9) ^ ar (r, v fe e _ 2 ) A -> i^ ar (r, v£_ 2 ) A . 

We note that i? 1 ^, 14_ 2 (-?0) ®ic ^ £ = ^(T, V fc £ _ 2 )> since the character e 
restricted to T is trivial. Using Lemmas 17.21 and fOl an elementary calculation 
gives the claim. 

Dualising Equation I|7.8J1 gives an isomorphism 

(T{S k (T,K))®K') A ^ (T(S k (T,K))®K*) A , 
which in particular yields the implication 

(7.10) T(J2<5)- 1 {6})=0 => Tel, 

where / is the ideal defined in Proposition Ifi. 51 In view of that proposition, we 
only need to show that if T acts as zero on H 1 (G, V k e _ 2 ), then T is in /. 

The Hochschild-Serre spectral sequence yields H 1 ^, V fc e _ 2 ) A = H 1 (G, V k e _ 2 ), 
since (V k e _ 2 ) is zero by Proposition 12.51 Let now T be a Hecke operator. Then 
we have 

T-H 1 (G,V k L 2 ) = T-H 1 (T,V k U) A 

= TN A ■ H 1 (r,^_ 2 ) A = T(]T e^)- 1 ^}) • H^Vh-^K)) 

SeA 

Suppose that this is zero. Hence, by the assumed faithfulness we have that 
T(J2 SeA e(S)~ 1 (S)) — 0, which by Equation (f T. XOf) implies T £ I, as required. 

□ 

Remark 7.5 If k = 2, then the statements of Theorem \l .J\ also hold "outside 
the Eisenstein part". The Eisenstein part is the subspace on which the Hecke al- 
gebra acts via a system of eigenvalues that does not belong to an irreducible 
Galois representation. For, a suitable analogue of Lemma 1 7. .91 holds, since 
ff 1 (Xc, us® k (— cusps)) = H°{Xg,OY cannot give rise to a non- Eisenstein sys- 
tem of eigenvalues. Moreover, under the extra assumption also Lemma M.'A 
remains valid, as an easy calculation shows. 

8 Application to weight one modular forms 

Edixhoven explains in jH], Section 4, how weight one cuspidal Katz modular 
forms over finite fields of characteristic p can be computed from the knowledge 
of the Hecke algebra of weight p cusp forms over the same field. In this section 
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we shall first recall this and then derive the conclusion mentioned in the intro- 
duction that weight one modular cusp forms over F p can be computed by the 
Hecke operators on weight p parabolic group cohomology over F p . 

Let F be a finite field of prime characteristic p or F p and fix a level N > 1 
with p \ N and a character e : {Z/NZ)* -> F* with e(-l) = (-l) fc . We have 
two injections of F-vector spaces 

F,A: Si(r 1 (JV),e,F) - S p (Ti(N),e, F), 

given on g-expansions by a n (Ag) — a n (g) and a n {Fg) — a n / p {g) (with a n (Fg) = 
if p j n), which are compatible with all Hecke operators 2] for primes I ^ p. 
The former comes from the Frobenius and the latter is multiplication by the 
Hasse invariant. One has T ( p p) F = A and AT P (1) = T^ p) A + e(p)F, where we 
have indicated the weight as a superscript (see e.g. |§J, Equation (4.1.2)). 

Let T( fc ) be the Hecke algebra over F of weight k for a fixed level N and 
a fixed character e. We will also indicate the weight of Hecke operators by 
superscripts. We denote by A^ the F p -subalgebra of generated by all 
Hecke operators T„ for p \ n. 

Proposition 8.1 (a) There is a homomorphism 0, called a derivation, which 
on q-expansions is given by a n (Qf) = na n (f) such that the sequence 

-> Si(Ti(2V),e,F) ^ 5 p (r x (iV), e,F) ^ ^(^(TV), e,F) 
is exact. 

(b) Suppose f € Si(T\(N), e,F) smc/i that a n (f) — /or aZZ n withp\ n. Then 
f = 0. /n particular ASi(Tx(N),e,¥) nFSi(Ti(N),e,W) = 0. 

fcj T/ie Hecke algebra in weight one can be generated by all , where I 
runs through the primes different from p. 

( d) The weight one Hecke algebra is the algebra generated by the A^ -action 
on the module /A^ . 

Proof, (a) The main theorem of gives the exact sequence 

-» St (T 1 (N), e, F) S P (T 1 (N) , e, F) ^ S 2p+1 (T 1 (N), e, F) 

by taking Galois invariants. However, as explained in [Bj, Section 4, the image 
AQS p (Ti (N), e, F) in weight 2p+l can be divided by the Hasse invariant, whence 
the weight is as claimed. 

(b) The condition implies by looking at q-expansions that AQf = 0, whence 
by Part (3) of Katz' theorem cited above / comes from a lower weight than 1, 
but below there is just the 0-form (see also jH], Proposition 4.4). 

(c) It is enough to show that T p 1S> is linearly dependent on the span of all T„ 
for p \ n. If it were not, then there would be a modular cusp form of weight 1 
satisfying a n (f) — for p \ n, but a p (f) ^ 0, contradicting (b). 

(d) Dualising the exact sequence in (a) yields that /A& and T^ 1 ) are 
isomorphic as A( p )-modules, which implies the claim. □ 
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Proposition 8.2 Let N > 1 and k > 2 be integers such that p j N , ¥\¥ p a 
finite extension and let e : (Z/NZ)* — > F* be a character with e(— 1) = (— l) k . 
Set 

»-£ n 

^ | iV, Z prime 

(a) Then the Heche operators T[ k \ T 2 , . . . , generate as an ¥ -vector 
space. 

(b) The ¥ -algebra can already be generated as an ¥-vector space by the set 

{T n W I p\n, n<(p + 2)B}. 

Proof, (a) This follows from the proof of [Hj, Proposition 4.2. 

(b) Assume that some Ti p) for to > {p+2)B and p \ to is linearly independent 
of the operators in the set of the assertion. This means that there is a cusp form 
/ G S p {Tx(N),e,¥) satisfying a n (f) = for all n < (p + 2)B with p \ n, but 
a m (f) 0. One gets a n (Qf) = for all n < {p + 2)B, but a m (Of) ^ 0. This 
contradicts (a). □ 

Remark 8.3 If we work with Ti(N) and no character, the number B above has 
to be replaced by 

*-£ n (i-^). 

^A'"./ prime 

Part of the following proposition is jH], Proposition 6.2. 

Proposition 8.4 Let V C 5 p (ri(A^), e, F) be the eigenspace of a system of 
eigenvalues for the operators 2j /or a// primes I =/= p 

If the system of eigenvalues does not come from a weight one form, then V 
is at most of dimension one. Conversely, if there is a normalised weight one 
eigenform g with that system of eigenvalues for for all primes I ^ p, then 
V = (Ag, Fg) and that space is 2 -dimensional. On it Tp P ^ acts with eigenvalues 
u and e(p)w _1 satisfying u + e(p)w -1 = a p (g). In particular, the eigenforms in 
weight p which come from weight one are ordinary. 

Proof. We choose a normalised eigenform / for all operators. If V is at 
least 2-dimensional, then we have V = ¥f © {h \ a n {h) = Vp \ n}. As a form 
h in the right summand is annihilated by 8, it is equal to Fg for some form g 
of weight one by Proposition 18.11 (a) . By Part (b) of that proposition we know 
that (Ag, Fg) is 2-dimensional. If V were more than 2-dimensional, then there 
would be two different cusp forms in weight 1, which are eigenforms for all 
with I ^ p. This, however, contradicts Part (c). 

Assume now that V is 2-dimensional. Any normalised eigenform / G V for 
all Hecke operators in weight p has to be of the form Ag + [iFg for some p G F. 
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The eigenvalue of Tp on / is the p-th coefficient, hence u = a p (g) + /i, as 
a p (Fg) = a±(g) = 1. Now we have 

(a p (g) + fx)(Ag + ^Fg) = T^(Ag + pFg) = T^Ag + f iAg 

= AT^g - e(p)Fg + fiAg = (a p (g) + ^)Ag - e(p)Fg, 

which implies — e(p) = {a p (g) + fi)n = u 2 — ua p (g) by looking at the p-th 
coefficient. From this one obtains the claim on u. □ 

Theorem 8.5 Let N > 5 an integer and p be a prime not dividing N. 

(a) The Heche algebra of Si(Ti(N),¥ p ) can be computed using the first (p+2)B' 
Hecke operators on Hp &r (Yi(N), V p -2^p))- 

(b) Let ¥ be a finite field of characteristic p > 5 and let e : (Z/iVZ)* — > F* be a 
character. The Hecke algebra of S\ {T\{N), e, F) can be computed using the 
first (p + 2)B Hecke operators on i^ ar (r (iV), V£L 2 (F)). 

The numbers B resp. B' were defined in Pronosition \S.2\ and B.em.ark lH.ft 

Proof, (a) Corollary 16.91 implies that the ordinary part of ffp ar (Ti(iV), ¥ p ) 
is a faithful module for the ordinary part of the Hecke algebra of weight p Katz 
cusp forms over F p . So that part of the Hecke algebra can be computed using the 
Hecke operators T\, . . . , T p b> on Hp ar (Ti(N), ¥ p ) (see Pronosition l8.2r a,lV From 
ProDosition l8.4l we know that the image of the weight one forms in weight p under 
the Hasse invariant and Frobenius lies in the ordinary part. Proposition 18 . 2f b) 
implies that A^ can be computed by the Hecke operators indicated there. Now 
the Hecke algebra of weight one Katz cusp forms on Ti(N) without a character 
can be computed as described in Proposition 18. If d ). 

(b) Under the extra assumption and using Theorem l7.41 the same arguments 
also work with a character and the bound B. □ 
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